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ABSTRACT

Translational addition theorems for spherical vector wave functions
have been derived in a reduced form. The reduction has been accomplished
by the use of formulas relating the coefficients that arise in expansion
of the product of two associated Legendre functions. ‘These addition
theorems should be useful in those cases in which spherical vector wave
functions are used where the distances of bodies and sources are separ-
ated by the order of a few wavelengths.

1. INTRODUCTION _

When electromagnetic waves interact with spherical bodies, it becomes
desirable in many problems to expand the fields in terms of spherical vec-
tor wave functions. If several spherical bodies are involved and if the
radii of curvature of the waves are appreciable at the positions of the
spherical bodies, it is helpful to have addition theorems for the wave
functions.

Such addition theorems have been obtained by Stein (ref 1).* As given
for the case of coordinate translation they are not in the most desirable
form, in that the coefficients involved consist of several terms each. Al-
though these coefficients were not reduced, it was stated that certain re-
cursion formulas might be useful.

It turns out that in addition to two recursion formulas (C-11) and
(C-12), whichwere considered most useful, four other formulas are required,
two of which are of the recursion form; the other two have a quasi—-recurrent
form, as shown in equation (C-7) and (C-8). These formulas have been obtained,
and the coefficients reduced to one term each. Moreover, the derivation
of the addition theorems has been made in a straightforward and rigorous way,
by making use of the orthogonal properties of the angular functions and of
the vector wave functions.

For the case of coordinate translation the following addition theo-
rems have been obtained. The vector wave functions on the left-hand side
of the equations refer to the original set of coordinates, while those on
the right-hand side refer to the translated coordinates. Accordingly,

o \Y
_ mn _ mn _
Theorem I: m = Z z Q m + B n )
mn v [SRY} [URVVAY]
'Vz = -v H
fo’e) v
_ mn _ mn _
Theorem II: n = z N\ A n + B m >,
mn L Y (AY
0 U= - v TR
= [UES Y]

A list of references appearson pﬁge 30.
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where
mn m—y
A =(-1H }: a(m,n|-p,v|p) a(n,v,p) zp(ka) P (cos 90) exp [ i(m—p)¢o] s
[SAY] P
p
mn +1 m=
B =(-1)M Za(m’n‘_u’ﬂp,p-l) b(n,V,p) z (ka) P (cos 6 ) exp[ i(m-p§ 1,
(S . p
P
a(n,v,p)=i "+p,.n"[2v (v+1) (2y+1)+(v+1) (n=y +p+1) (n+y-p) ~v (v -n+p+1) (n+vw+p+2Y/
{2vv+1) ],

and

+P

- . i
(n,v,p)=iv n[}n+v+p+1)(v-n+p)(n—v+p)(n+v—p+1)]2(2v+1)/[2v(v+1)] .

The other coefficient facfbrs are given explicitly in the text.
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2. SPHERICAL VECTOR WAVE FUNCTIONS (ref 2)

Divergenceless solutions of the vector wave equation,

VYV C-VxVxC+k C=o0, (1)

are the two vector wave functions ﬁ and ﬁ. The relations between these
two are

kﬁ:Vxﬁ (2)

=VXE.

=

k
In spherical coordinates, M is given by the formula
M=VxTVy, (3)

where r is a radial vector, and ¥ is a solution of the scalar Helmholtz
equation,

vy + %y = o. (4)

By means of vector identities, formula (3) can be put in the alternative
form,

M= Vyxr, (5)




n

since Vx r = 0. Omitfting the time factor exp (-~iwt), the explicit
expressions for M and N respectively are (ref 3):

— im m

= ) i
mo =in O zn(kr) Pn (cos 9) exp (im¢) 19

aF)
= zn(kr) _55 (cos €) exp (1m¢) 1¢
and

= n(n+l) m i T
n = =g 2 (kr) P_ (cos 8) exp (imQ) 1

m
- 3P
1
+ g%:[? Zn(kr)J —53 (cos 8) exp (im¢) ig

im . m ) X
ey 37 [r zn(kr)} Pn (cos 8) exp (im¢) 1¢ s (6)

where zn(kr) stands for any of the radial functions.

3. VECTOR WAVE FUNCTIONS UNDER COORDINATE TRANSLATION

If the translation as jillustrated in figure 1 is made, then

r=a+r . {(7)

With this value of 1, we have
M = v* X a + G{[ X ¥ . 8)
1 (

Since the gradient of a scalar quantity is invariant to ®. transforma-—
tion of the coordinate system, then we may regard‘Vﬂ/as being expressed
in terms of the coordinates of the second system. As can be determined
from figure 1,

a = a(i sin 8 cos ¢ 4+ i sin @ sin ¢ +1i cos 8 ) . (9)
x o o y o o z o




Figure 1.

Coordinate translation




Consequently, we have
= _ in © . it . . .
M = a(sin 8_ cos ¢o‘ﬁy x i+ sin 6  sin ¢0Yzyx 1, + cos 9°§7Wx i)
+ Vy x ro. (10)

The unit vectors (i_, , 1) in terms of the unit vectors in the
second spherical coordlgate system are

i = ir sin 91 cos ¢1 + i

cos 6. cos ¢. - iy sin ¢
0, 1 1 N 1

e
Il

i sin @, sin ¢1 + i

cos 3. sin + 1 cos
vy~ ' 1 o, 71 % o ©° 4

1
i = i cos 8, - i sin 91

If in equation (B~1) we put

y m-p
v
Ay = (1Y 1 n }E:ip a(m,nlu“qvlp)zp(ka) P (cos QO) exp [i(m-p)¢o]

D P
(12)

where the a(m,n|-uv|p)'s— are obtained in appendix A, then

v = E{: E: ACu,v) 3 (kr ) P (cos 9 ) exp (1H¢1 . (13)

v=0 p= -v
Using this expression for ¥, we obtain, in view of formula (5), for
the last term of the right member of equation (10),
() v
VY x T, = Z Nag,wn (14)
1 L. Hv

V=0 H= =V

where m is expressed in terms of functions of the second coordinate
system.'v By using the orthogonal properties of the angular functions




and of the vectar wave functions (appendix D), it can be shown that
the other vector quantities in equation (10) are

[ole] \YJ
V¥xi =) Y E o ab &)
be SRV I YAY My Hv

v=0 pu= =-v

e8] v
VVxi = ZE: zz: (@" m +b"1n )
y (SR SAY KV iy
V:O IJ_!: —V
@ v ;
VVxi =Z Z @"'m o+ 0 ), (15)
Z Hy MKy [S3 VIR SAV
\):0 H= =V
where
v v+l
2y - BOTD {2\:-1 [A(“'l""l)'("'“)(“'“’1)“(”*1""1)]
v
+ 2vi3 [(v+p+2)(v+p+1)A(u+l,v+1)—A(p-l,v+1)}
" -ik v+1 ]
£ -— o, TR - (i =
a“v R IOTSS) 22‘,_1 [A(p 1,v-1)+(v—-p) (v-p-1)A(u+l,y-1)
- 2v:3 [(v+p+2)(v+u+1)A(u+1,v+1)+A(u—1,v+1)1} (16)
wr o _ k (v+1) (v~u) _ v (vip+l)
v < y(v+1){ 2v-1 Alp,v=1) + 2v+3 TR AP
and

' -ik

= T ETES) [(v-u)(v+u+1) A(u+l,p) + A(H'l,v)]

b

" k
buy=:§;?;:I7 [(v—u)(v+p+l) A(p+l,y) -.A(u—l,v)]
"t ik
W= WDy A o0
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The vector wave functions m and n are expressed in terms of func-~
tions of the second coordinfite systbd. N

4. REDUCTION OF TRANSLATIONAL FORMULAS

In reducing formula (10), we may, by using equation (15), set

A}-lv = sin @_ cos ¢o a,.'lv + sin ©_ sin ¢o a;v + cos @ a:;’ . (1I8)
Using equations (12) and (16) with equation (18), we can write
Al.lv = {(-ljpi"-n-l k exp ii(m—p)d)o] 2v(v+l) f’}j P (cos 90) 9 (L)
p
where
r(p+m-u+2)(p+m—p+1) a(m,z}'l —u+l, -1 p+1_
a == |+ @-wvp-1)  atm,n|-p-1y-1f p+l) (v+1)1p*1zp+1<ka>/<zp+3)
| ~2(v=p) (pm-p+1) a(m,n]-p,v-1| p+1) |
r(p~i—m—p.+2)(p+m—;.x+1) a(m,n|-p+l v+l p+1)—
- |+ +p42) (v4p+l)  alm,n|-p-1,v+1] p+l) vip+1zp+1(ka)/(2p+3)
+2(y +u+1) (p4m—p+l)  a(m,n|-p, y+l| p+l)
-(p—m+p.—1)(p-m+u) a(m,nl—p.+1,y —ll p-1) |
‘+ + (v-p)(v-p-1) a(m,n|-p-1,y=1| p-1) (v+1)ip’lzp_l(ka)/(zp-,l)
| +2(v=p) (p-mip) a(mpn|-u,v-1| p-1) |

11




(p-m4p-1) (p~m+yu) a(m,n|-u+1,v+1| p-1)
+ |+ 4p+2) @ =p+l)  almyn|-p-1,v+1| p-1) vip‘lzp_l(ka)/(zp—n .
-2V +u+1) (p-m+p)  a(m,n|-p,v+1| p-1) (20)

L =l

-~

If we use the recursion formulas (C-10) *hrough (0013); we can write

Fv+1)(n-v+p+l)(n+v—p)-v(v—n+p+1)(n+v+p+2)] zp+1(ka)
a =
p
5“'[V(n+\!—p+1)(n—v+p)"(‘d+1)(n+v+p+1)(v-n+p)] zp_l(ka)

1P o (mynb,v|p)/(2p41) (21)

It can be shown that the coefficients of the radial functions z_(ka)
are equal. Making use of the appropriate relation between the radial
functions, we obtain

e l(v+1)(n-v+p+1)(n+v-p)-v (v—n+p+l)(n+v+p_+2)]
1P+l a(m,nl—p,vlp)zp(ka)/ka . (22)
Thus
v-n T Ly
Auv = (—1)“ i exp [i(m—p)¢ol / [2v(v+1)a] E:?é P (cos Go)zp(ka), (23)
P P
where

-

al = [(v+1)(n—v+p+1)(nw-p)-v(v-n+p+l)(n+v+p+2)'] 1Pa(m,n|-p,v [p). (29)

If we denote the coefficients of the vector wave function ;uv by

mn
Apv » then from equations (14), (15), and (20), we obtain

mn
= a A N 25
A“v — A(p,v) (25)

12




Using the values of A(n,V) from equation (12) and that of A from

equation (23), we obtain =0
— _ m-p 26
AR a(m,n|-u,v|p)a(n,v,p)z (ka) P (cos 8 ) exp [i(m-p)¢ ] (26
L. p ° O
TRy p
p
where
.V +p-n
a(n,v,p) = 1’ [2\:(\: +1) (2y+1)+(v +1) (n-v+p+1) (nty-p)
v —n+p+1) (n+Wp+2) l/ [2v(v+l)l . 27)
For the coefficient of HHV we may set
mn
B =a(sin® ‘cos § b' + sin ©_ sin ¢ b" + cos 8_ b"") (28)
"y o o pv o RTIY) o pv

Using equations (12) and (17), we can write

m +1 ,v-n+l N -
B = (-;)“ i ka(2y+1) exp \}(m—p)¢o] / [2v(v+1)]
1Y meps
E:bp P (cos &) , (29)
P p
where — —
(p+m-p+1) (p+m-p+2)a(m,n|-p+l, v|p+l)
bp = —(v-u)(v+u+l)a(m,n|—p-1,v1p+1) 1p+1 zp+l(ka)/(2p+3)

L+2|.L(p+m—|.z+l)a(n,nI-;.L, v|p+1)

2pCp-m+p)  a(m,n|-p,v|p-1

+ +(v=~u)(v+g+1) . a(m,nl-p-l,vlp—l) ip_l zp_l(ka)/(Zp—l).'
(30)

—(p—m+u~l)(p-m+p) a(m,nl—p+1,v|p—l)

By using equations (C-14) and (C-~7) and the appropriate relation for
the radial functions, we obtain

bp =l [(n+v+p+1) & -n+p) (n—v+p) (n+ v—p+1)l% a(m,n|u, v|p,p-1)

ip+1zp(ka)/ka. (31)

13




Substituting this value of bp in equation (29), we obtain

mn +1 m=p1
B = (—1)|>L S- a(m,n[—p,v|p,p—1) b(n,y,p)zp(ka) P (cos 98 exp[i(m—,.1)¢o )E
pv . P

p (32)

where

+

b(n,v,p)= gVtPTR [(n+v+p+1)(v—n+p)(n—v+p)(n+v~p+1)ﬁ§2v+1)/[2v(v+1)]. (33)

5. ADDITION THEOREMS

In summary, we have the addition theorems:

00 A
. ::— Y?— mn _ mn _
Theorem 1: m = (A m B n
mn ~ / [TV VRV VEVIRR TRV
V—EU M= -V
foe) N
_ \‘ mn mn =
Theorem II: n = ) (A n + B m )
mn / y KV My
, < — TRV .
: v=0 = -y
where
mn . ’ m-—yi
A =(-1F j{:a(m,nl—u,vlp) a(n,v,p)z _(ka) P (cos O ) exp [i(m—p)¢ 1s
h ) o o
pv p p
(34)
mn as m=i
B =(—1)“ 2_;a(m,n|-u,vlp,p—1) b(n,v,p)zp(ka) P (cosGL) exp[i(m—p)¢o) g
! TRY P
p
z;m(n,v,p):i""’p"n [2v(v+1) (2v41)#V41) (n-v+p+1) (n+yv—Dp) -
-v(v-n+p+1) (nav+p+2) | /[2v(v+1)]
and =
V+p-n Y '
b(n,v,p)=i [(n4v+p+1) (v-n+p) (n~v+p) (n+v=p+1) [ (2v+1)/[2v(W+1) ] .

(35)

14




APPENDIX A

COEFFICIENTS IN EXPANSION OF P: Pt

In the addition theorem for the scalar spherical wave function

(appendix B), there occurs the produce P: Pﬂ’of two associated Legendre

functions in which the argument is cos 8. For purposes of convenience
"

it is desirable to express this product as a sum of terms in Pp , where
v

m" =m+ | and p is the summation index. Formally, the expansion is

m :
P’ pM - Z a(m,njp,vip) POTH | (a-1)
n - v p
p
The coefficients a(m,nlp,v[p) can be obtained in the following way.

It is known that the integral of the product of three spherical harmon-
ics over the surface of a unit sphere is given by (ref 4)

2r T
J'j Y Y Y sin © do df
mm uvy m'p
“0 “o
1
_ [(2n+1)(2v+1)(2p+1)]5 R (A-2)
= >
4 000/\munm'
where
s [(2r+1)(r—s)!]% s -
e ©,0) = (-1) 41 (r+s)? Pof(cos Sfexp (is) , (4-3)
and
Jy Jy I3
(A-4)
By M M3

is the Wigner 3-j symbol (ref 5). (An expression for the 3-j symbol
is given at the end of this appendix.)
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The product of two spherical harmonics of the form as given by
equation (A-3) is

- m--L - 5 - “
©,4) va(0,¢) G2 [(2n+1)(2v+1)(n m) ! (y-p)! J " (cos ) pp (cos ©)

47 (n4+m) ! Cyapd !
exp [i(m+)d] . (A-5)

Formally, in view of expression (A-1), let us write equation (A-5) as

- m+pl - _

_l
4T (n+m) ! (V+p)' = exp [i(m+u)]

Za(m,nlu;VIp) P’;*“ . (A-6)
P
If we teke, where m'=-m-p,
1
ﬁb+@ (2p+1) (p+m+p) ! |2 _-m-p N
Ypm,(9;¢) (-1) [ A (p_m_“),] Pp (cos @) exp [i(@+u)¢] , (A=)

‘Hoting that

P H (cos 8) = (-1 i P2+“ (cos &, (A8

P (p+m+p) !

and the product of two spherical harmonics as given by expression (A-6),
we find that the left-hand member of equation (A-2), which we denote by
"A", is given by

A= (-1)™FH [(2n+1)(2v+1)(n—m)!(v—p)!(p+m+u)!

47 (n+m)! (v+p)!(p—m—p)!(2p+1)] a(m,n|p,v[p). (A-9)

Upon setting this equal to the right-hand member of equation (A-2), we ‘ . . -
find for the coefficients:’

m+ (n4m) ! ) ! (pem-p) ! 13
a(m,n|u;v|p)= (-1 (2p41) [ (n~ﬁx)!(5—ﬁ)!(p+ﬁ+ﬁ):] - (A-10)

n v p> <fn v p >
<;0 oo m |1 —=m-pL




The conditions that the indices must satisfy are

|n-v| < p < n+v (A-12)
and
(n+w+p) even, (A-13)

If (m+p) does not lie in the range as given by'expression (A-11), then
m
Pp+u vanishes; also, if p does not lie in the range as given by expres-—

sion (A-12), then the coefficients a(m,n‘u,v[p) vanish. Furthermore,
if condition (A-13) is not satisfied, the Wigner 3-j symbol

0 0 0
vanishes. The Wigner 3-j symbol is defined as followsy
. . . L 1
J1 J2 3 J17927 Mg S . ST
= (-1) (2Jv3+ )(Jlmlszz Jidgds —m3) s -
o My M3
where
(jlmljzmzijlsz m) :5(n&+m2,m)
! r/ %
. s s L 07 - Ces 0 7l
‘ \ZJ:rl)(lewz 3G M) G ,mmy ) H(GHm) TG m) ’J
R T T TN(E = "
(Jl+.32+J+l)-(J1 J+ddiC Jl+32+3).(31+m1).(32+m2).
. 07T prdlerm e 6
SV . .(gl+m1+s).(32+,] my s)!
: (=) 1o s8!1(j,-m,-s) ! (j-m=-s) 1 (j,~j+m +s)! (A215)
” SJg Ty TS AER) sUg IR
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APPENDIX B

ADDITION THECREMS FOR SCALAR SPHERICAL WAVE FUNCTIONS

In this appendix, the addition theorems for the scalar wave func-
tions will be listed, with appropriate limits, since they have been al-
ready derived (ref 6). The addition theorems given here are for the
case of coordinate translation illustrated in figure 1.
rect forms for the theorems (ref 7) are

0o
zn(kr) Pﬂ(cos 8) exp (im¢) = j{: jgz }E:(—l)H iV+p—na(m,n‘-u,v|p)

v=0 p=-v p

The more cor-

5 jv(krl) zp(ka) PS(cos 91) Pi-“(cos 90) exp [i(m—p)¢1]exp (iu¢1)

=§i E\: Z(‘l)u 1P am,nl-p,v]p)

v=0 p= -y P

rl < a {(B-1)

o jv(ka) zp(krl) ﬁr(cos 90) Pg—p(cos 91) exp [i(m-u)¢0] exp (ip¢o)

rl.f & g (B~-2)

The symbol z (kr) stands for the spherical Bessel, Neumann, or Hankel
(first or second kind) function. It can be shown that either (B-1) or

(B-2) may be used for z (kr) = jn(kr) without restriction on the rela-

tive size of rISand a.

i8

(B-1

(B-:




APPENDIX C

RELATIONSHIPS INVOLVING THE COEFFICIENTS IN THE EXPANSION OF a(m,n|p, v[p)

For the reduction of the coefficients involved in the addition theo~
rems, it is necessary to obtain formulas simplifying various groupings of
the a(m,nlp,vlp)'s. It so happens that:some of the symbols and formulas
of group theory are quite fitted for this purpose.

From group theory there is the relation between the 3~j symbol and
6-j symbol (ref 8): :

3y JIp g\ ‘,3'1 i, 331 GG Qan vy
} = (-1)
meomy, my) |4 4 G )
) My Hp Mg
£ ¢ ¥
I/‘jl =2 {3 ‘éll ‘12 gﬂ 1 2 3

where
3y I, 33"\\ (31 Jg 33

// and .,
m My Mg £, éz {3

are respectively, 3~j and 6-j symbols. If the {'s are given special
values, then the following recursion formulas are obtained:

(c-1)

FORMULA I (ref 9)

4:1,f2=j3-1,63=j2

. . 1
[(J+l)(J-211)6J—2J2)(J—2j3+1)]?
11
2

= -2m, [(j3+m3)(33—m3),]

io




J
1
~[(3y#my) (G, 7my#1) (3 g=m) (3 g-m=1) ]2
. {1
. b 'jl
+{(357my) (3 5 #my+1) (G 4m ) (§ g4m=1) |2
!
FORMULA II
»el =1, ,£2=j3+1, -63:3'2
L/ Iz
[(3-23;+1) (3-25,+1) (3-25 ) (J+2)]?
ml mz
1 J2
= ~2m, [(j3+m3+l)(J3~m3+1)]
1 M2

+ [ (.]2+m2) (jz—m2+l) (&) 3+m3+1) (j3+m3+%]%

: . . . 1
- [(Jz—mz)(Jz+m2+1XJ3—m3+l)(J3—m3+2)}2
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FORMULA III

,Zl =1, -ez = jsj-l, ,% = j2+l

1 /31 J2 I3
2

[(J—ZJZ)(J—2j2—1x3—2j3+1)(J—2j3+z)]

% Iy 32+l‘ .33"'1
= 2[(33"'“13)(.]3‘“13)(J2+m2+1X92-m2+1)]
m m m
1 2 3
Jl Jz+1 33—1

py
+[(347m5) (3 g™ m =1) (§,~m,+1) (d‘z—mzu-z)] 2
m m_-1 m3+1

1 /9 Jotl Jg-1
- 0 M . 2 ¥
+[ (3 gtm ) (G gy 1)(.]2+m2+1)(j2+m2+2)] . (C-4)
ml m_+1 m3-1
FORMULA 1V
%:1,4:33—1, %:Jz—l
1 /71 2 I3
[3CI+1) (3-23,3(I-23,-1) 12
]'l’l1 mz 1113
N J; 371 33—1
— q s . PR E
= 2[(J2+m2)(.]2 mz)(33+m3)(,]3 m.3)}
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, /5 Jy-1 33-1
j j =, s B i - - 2
+ [(.Jv2+m2)(,)2+m2v,1)(‘;3 m3)(33 m, 1)]

m_ -1 m
m 9 +1

| Ly [ g
. s o q [P 1312 .
+[(J2 my) (Jg=my=1) (J g4my) (§ g4my=1) ] . (C~5)

m1 m2+1 m3—1

FORMULA V

- ), s
’&i = 1) ‘(42 = 33"'1) @3 = 32+1
J1 Jd2 I3

1 "2 3
3 dy 3yl 33+1
- - . . o . q
2[(3, my+1) (Ggtmy+1) (G g=ma+1) (G 4mg+1) ]
myo My Mg
- Jl 32+1 33+1
S R o : 2
+[ Gy my+ 1) G, m2+2)(33+m3+1)(33+m3+2)]
m1 mz-l m3+1

% 'Jl Jz+1 33+1\
+[(32+m2+1)(Jz+m2+2)(33—m3+1)(33—m3+2)] //. (C-6)
m1 m2+l m3—1

In all formulas, J=j; + Jp + JS-

If in Formula III, columns (2) and (3) are interchanged, then it will
be observed that with formulas IV and V there are four cases in which the
sums of the j's in all 3-j symbols are even or odd simiultaneously. With
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formulas I and II this does not occur; here when those in the right members
are odd, the sums of the j's in the left members are even and conversely.
These facts will show in the ‘relationships between the a(m;n|u,v|p)'s based
upon these formulas, that there will be four pure recursicn formulas with
the other two involving "hybrid'" terms which are closely related to the
a(m,nlp,VIp)‘s in form.

By giving the j's and the m's special values and multiplying by the
appropriate factor, as is evidenced from the form of the a(m,nlu,v[p) in
dppendix A, we obtain the follawing relationships:

Case 1

In formula I, let
dp=m, J,=V,d;=p

m, =m, m

i
h=
.

=

]

2 3 —m'H:

then

1
(2p-1) [ (n4v+p+1) (v-n+p) (r=v+p) (n+wp+1) ]2 a(m,n|y, v|p,p-1)
= Cp+1)[ (v+11) (v-p+l)a(m,n|u-1,v|p-1)
-(p-m—u)(p—m—p—l)a(m,n|u+1,vlp—l)

-2 (p—m—p)a(m,nlp,vip-l)] . «c-7)

Case 11

In formula II, let

J., = n, jz =V, Jj

|
k=]

5 -
m = m, mz = {4, m3 = =H=L,

then

1
(2p+3) [ (n+v-p) (n-v4p+1) (v4p-n+1) (n+wp+2)]2 a(m,n|y, v|p,p+1)

23




= (2p+1) [(p+mp+p+1) (pHm+p+2)a(m,n|p+l, v|p+l)
- (W) (v=p+ldalm,n|u-1,v|p+l)

~2p(p+mip+l)alm,niy,v|p+l)]

where

(n+m) & Cv+p) ! (p=p—m) !
(n-m) ! (v-u) ! (p+p+m) ! ] (2p+1)

v x>:> <:n v «1;>
m—mep 0o o0 o

In formula III, let

a(m,n'p,,\,lp,q) = (_1)m+u [

Case 111

Ji1

el

I
?
]
It
e
g
|

g = T,

then

(2p-1) (n+v-p) (n-y+p+1)a(m,n|u,y-1|p)

= (2p+1)[2(v-u)(p-m—u)a(m,n|u,vlp'l)

~(v-p)(v-p+l)a(m,n|p-1, y|p-1)

-(p—m-p~-1) (p-m~-p)a(m,n l pu+l, V‘ p-l)J
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Case IV (ref 10)
In formula III, interchange columns (2) and (3) and let
j1=n) j3=v+l) J2=p

m1=m, m = |, m

f

9 "m"'“'.'.

then

(2p+3) (n=-v+p) (n+v=-p+1)a(m,n |y, v+1|p)
= (2p+1) [ —(p+m+u+1)(p+m+u+2)a(m,n|u+1,v[p+1)
+2(v+p+l) (pemaptlda(m,n|p,v|psl)
~(v4p) (vep+lda(m,n|u~1,v|p4l)] . (C=11)

Case V (ref 10)

In formula IV, let

I
<
+
[
-
.
w
1t
o]

m = m, m = M, m = ~m-u,

then
(2p-1) (n+v+p+2) (v-n+p+l)a(m,n|u,v+1|p)
= (2p+1) [ (p-m-p-1) (p-m-p)a(m,niu+l,v|p-1)
+2(V+p+1) (p-m~p)a(m,n |y, v|p-1)
+(Vap) (v4p+lda(m,n|u-1,v|p-1) ] . (C-12)
Case VI

In formula V, let
j1=n, jz::v-l, j3=p
mo=m, m, =V, m, = ~m—u,

1
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then
(2p+3) (v=n+p) (ndyep+ldalm,n|p,v-1|p)
=(2p+1) [ (p4m4p+2) (pemeps+1adm,n [pal ,y|pal)
+{v=p) Cy=ptidadmn|p-1,v|p+i)

+2(v~p)(p+m+u+1)a(m,n|p,v[p+l)] 5 (C=13)

In addition to the above relationships for the a(m,n[u,vlp)'s, there can
be derived numerous recursion formulas based upon various recursion re—

lations for the asscociated Legendre functions. By using the relationship
for associated Legendre functions,

[(1-n%)3 P 4 v (vmpe) PR eayn P -o,
it can be shown that

(2p-1) [ (p4mip+1) (pemip+2)aim,n|u+l,v|psl)
~(w+p) (wep+ldalm,n|p-1,v | p+l)
~2u(p+mtp+ldadm,n|uw|p+1)]

=(2p+3) [ (p=m-p) (p=m=p=-1)=(m,n|p+l,v |p-1) '

=@ +p) (v=p+lda(m,n|p-1, vl p-1)
+2p(p»m~p)a(m,n|p,y]pml)] . (C-14)

Certain three-term recursion formulas are also readily cbtained.
¥rom the relation

a g m dP"; . dP: |
-y = —— e = )}
B0 Enl B ISP g P e (G-15]
and the recursion formulas
m!
dap
n' m'n m ! m el
e = B Tar ~ Far (o-16)
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dP
n' —mln mt' . mt'-1
@ " T YA @) B

one obtains respectively
a(m,n[p,[p):a(m+1,n|p,v[p)+a(m,nku+1,v|p5

and

(P"m-u+l)(p+m+u)a(m,n|p,vlp)=(v+u)(v—u+1)a(m,n|p—bv[p)

+(n+m) (n-m+1)a(m-1,n|u,v|p).

From (C-18) and (C-19) there can be obtained the formulas

[ (p+m1) (p=m=p+1)+(v—p) v +u+1)=(n+m) (n-m+1) } a(m,n|u,v|p)

= (v+) (v-p+)a(m,n|u-1, v|p)
+(p-m-p1) (p+m+p+l)alm,n|p+l, v|p)

and
[ (p+m+p) (p~m=p+1)6n-m) (n+m+1)=(v+u) (v-p+1) ] alm,nfp, vip)
= (n+m)(n-m+1)a(m-1,n|p, v|p)

+(p—m—u)(P+m+u+1)a(m+1:niu:vlp)

, (C-17)

(Cc-18)

(Cc-19)

(C~20)

(c-21)

27




APPENDIX D

ORTHOGONAL RELATIONS

In the expansion of vector qualities in terms of vector wave func~
tions, various orthogonal relations are used. For the divergenceless
vector wave functions we have the following relations:

- - 47 n (n+1) (n+m)! 2
f j "an mn dfan = 2n+1 (n-m)! [z, (k) ]
-1 o
+1 o .
- = a7 (n+m) !
j j "mn “mn dfan = 2 (n-m)! gl
(2n+1)
-1 0
s {(n+l [z (kr)]2 +njfz (kr)]2
n-1 n+l
L
+1 21
(.
] un’ Puen d¢an = o. (p-1)
-1 0

For the associated Legendre functions the following relations are useful:

—2(n2-1) (n+m) !
+1 m+1 m (2n-1)(2n+l1) (n-m-2) !
.- %[ apxrnx' s m(m+1l) m+l_m
OM)*l 35 T *~, .2 Punr Tnjdn =
-1 1-n 2[ (n+1)2—1] (n+m+2) !

(2n+1)(2n+3) (n-m)!
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1
n=n-1

t
n=n+1




2[(n+1)2—1] (n+m+1)!
(2n+1)(2n+3) (n-m)!

n'=n+1l

(D-2)

2(n°-1) (a#m) !, 4
(2n-1)(2n+l) (n-m). -

(n+m) !

(2nf1)(2n+l (n-m)!

n'=n~1

2n (n+m)!

(2n+1)(2n+3) (n-m).

n=n+1

(n+m)!

(2n-1)(2n+l1) (n-m=22)!

n'=n—-1

(n+m+2) !

(2n+1)(2n+3) (n-m)!

n'=n-+.
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